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Abst rac t - -We present a new criterion of finiteness of the fractal dimension of the attractor via 
the method of short trajectories developed in [1]. As an application, we deal with the so-called 
generalized Navier-Stokes equations characterized by nonlinear polynomial dependence of (p - 1) 
order between the stress tensor and the symmetric velocity gradient. We study the case p _> 2 
subject o space-periodic boundary conditions. 
The existence of the global attractor with finite fractal dimension is then obtained in the following 
cases: 
(i) in two dimensions if p ~ 2, and 
(ii) in three dimensions if p > 11/5. 
(~) 1999 Elsevier Science Ltd. All rights reserved. 
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1. INTRODUCTION 
For a given well-posed evolutionary problem in X, X being a Banach space, St : X --~ X denotes 
its solution operator, which assigns to the initial value the (uniquely defined) value of the solution 
in the time t. 
Recall that an unempty set A C X is called global attractor associated with the semigroup 
{St}t>o if and only if 
(i) j4 is compact ,  
(ii) A is invar iant  (StA = A for all t > 0), and 
(iii) ,4 a t t rac ts  bounded subsets  of X ,  i.e., for any B0 C X bounded d is tx (StBo ,A)  --~ 0 
as  t --* oo .  
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By dl(A) ,  we mean the fractal dimension of A defined as limes superior of logN~(A) ver- 
sus log 1/~ as c --* 0, where N~(A) denotes the minimal number of c-balls needed to cover A. 
If d/(A) is finite, say d/(A)  < m/2, m E N, then there exists an injective projection F : A ~ ~m 
such that its inverse is H61der continuous. This result that strengthens the results in [2] is due 
to Foias and Olson, cf. [3]. In another words, if dr(A) is finite, then the attractor A is located 
at the graph of a Hblder continuous mapping of a compact set in R m. 
Let f~ -- (0,1) n, n = 2 or 3, be an n-dimensional cube, I = (0, T), T > 0. We study the 
following problem: 
div u = 0, 
Oui Oui _ 07r Ori~ (1.1) 
O'--t- + uj Ox--j Ox--i + ~ + fi, i=  1, . . . ,  n. 
u(x,  O) = Uo(X), x E f~, d ivu0  = 0. 
u, 7r are 1-periodic at each direction and have zero mean value. 
(1.2) 
(1.3) 
We use standard notation of function spaces: H denotes the closure, with respect to the 
L2-norm, of the space of smooth 1-periodic divergence-free functions with mean value zero, and 
Vp denotes the closure of the same space with respect o the Wl'p-norm. For further notation, 
see [1, p. 500] or [4], if needed. 
The class of investigated fluids is characterized by the polynomial dependence of the stress 
tensor T V on the symmetric velocity gradient D(v). Its growth and coercivity are characterized 
by the parameter p. We study the case p > 2 and are mainly interested in three-dimensional 
flows. 
The precise assumptions on the relation between Tv and D(v) can be found in [1] or [4], while 
here we put some rather typical examples: 
(a) T y = 2~'0(1 + e[D(v)Ip-2)D(v), p > 2, 
(b) 7 y = 2v0D(v), 
(c) 7 V = 2u0(1 + ~(]D(v)]))D(v), 
where in the case (c), we take for ~(.) any nonnegative nondecreasing bounded function. If 
p = 3 and v denotes the large scale (average) velocity, then the model (a) coincides with the 
Smagorinsky model of turbulence (cf. [5]). 
Note that in cases (b), (c), p = 2. The case (b) leads to the Navier-Stokes system, for which 
the well-posedness i  an open problem. Thus, particularly in three dimensions, we can view 
model (a) as a natural perturbation of the Navier-Stokes ystem (cf. [6]). Despite the three- 
dimensional Navier-Stokes system, its modified version enjoys the existence of unique solution 
certainly for p _> (3n + 2)/(n + 2). 
More precisely, if u0 E H, then uniqueness holds (only) for p > (n + 2)/2 (note that (3n + 
2)/(n + 2) = (n + 2)/2 if n = 2) and the existence of the attractor A c H is not a difficult task 
(see Section 2 for references or [7] for a detailed description). The uniqueness for p c [11/5, 5/2) 
is based on regularity results that require smoother initial data, e.g., Uo C Vp. Construction of 
the attractor in H in this range of p's has been left open (Problem A). 
Assume for a while that we have the attractor ,4 C H for p > (3n + 2)/(n + 2). The question 
is to show that df(~4) is finite. The two known methods developed earlier by Ladyzhenskaya 
(cf. [8]) and by Constantin and Foias (cf. [9]) to prove finiteness of the fractal dimension for the 
two-dimensional Navier-Stokes equations eem to be not applicable here because of the nonlinear 
elliptic operator (Problem B). 
In order to overcome obstacles connected with Problems A and B, the concept of short tra- 
jectory was introduced in [1]. For Problem A, the set of all short trajectories i used as the new 
phase space (instead of H), and after defining the new dynamical system on this set in a natural 
Finite Fractal Dimension of the Global Attractor i07 
way, the existence of a global finite-dimensional attractor with respect o this new dynamical 
system has been proved. To Problem B, i.e., to the case where the global attractor At exists, it 
has been also shown in [1] that the set of all 5 trajectories, starting from At, has finite fractal 
dimension with respect o the L2(0, 5; H) norm. 
The main observation of this paper is the following: having finite-dimensional attractor A~ C 
L'-'(0,~; H), we consider the set consisting of end-points of short trajectories belonging to Ate. 
Studying the properties of the so-obtained set, we obtain the following result. 
~It|EOREM 1.1. Let p > (3n + 2)/(n + 2). Then there exists A C H such that 
(i) At is compact in H and bounded in Vp, 
(ii) StAt = A for all t >_ O, 
(iii) tbr any bounded B C H sup~er~ ~ distH()i~(t),At) --+ 0 as t ~ oc, where {?(~}~Er,, is the 
set of all trajectories with initial value in B,  and 
(iv) ~tf(At ) < ~.  
If p >_ (n + 2)/2, then the property (iii) can be replaced by saying that At attracts all bounded 
sets in H. Proof of the theorem is sketched in Sections 3 and 4. 
It reveals that this method provides a new way of constructing global attractors and estimating 
their fractal dimension. The method seems to be widely applicable to various dissipative systems. 
The computation of explicit bounds on fractal dimension of At is in progress. An interesting ques- 
tion is to compare the explicit bounds for the two-dimensional Navier-Stokes equations obtained 
by this new method and by the method of Lyapunov exponents. 
2. A SURVEY OF KNOWN GLOBAL RESULTS 
The aim of this section is to collect earlier proved results on global existence, uniqueness, 
regularity, and large time behavior egarding the system (1.1)-(1.3). 
THEOREM 2.1. Let u0, f E H. I f  p >_ (3n + 2)/(n + 2), then there exists weak solution u 
to (1.1) (1.3) such that 
u E C([O,T];H) n L~ (I; Vp). 
lt 'p ~ (n + 2)/2, the solution is unique. 
PROOF. See ]6], and the references therein; see also [10]. | 
THEOREM 2.2. (HIGHER REGULARITY AND SMOOTHING PROPERTY). 
O~3 (a) I f  n = 2 and p > 2, then u E Lloc(O,T, Vp) , 
__ Go , ?" L~oc(O,T ;  Wl ,3p(~)3) ,  (b) i fn  = 3 andp > 11/5, then u E Lloc(O,T, Ip) N 
I f  uo E Vp, these results hold globally and the solution is unique also for p E [11/5, 5/2) i f  n = 3. 
PROOF. See [6] for (a), [4,11,12] for (b). | 
THEOREM 2.3. I fp  > (n+2)/2,  then the solution operators {St}t>_0 possess the global attractor. 
PROOF. See [13] for n = 2, [1] or [13] for n = 3. | 
Finally, let us, for the reader's convenience, sum up the results about continuity of solution 
operators St, which follow from the uniqueness proofs. 
THEOREM 2.4. I f  p >_ (n + 2)/2, then the solution operators St : H ~-~ H are locally Lipschitz 
continuous. 
In the case n = 3, p E [11/5, 5/2), the following can be said: let u, v be two solutions, starting 
at uo, vo C H respectively, let moreover Vo C WLP(~) a. Then for t E [0, T] 
Ilu(t) - v(t)IIH <_ ClllU0 - VOlIH, C1 = C1 (llv0111,p) • (2.1) 
PP~OOF. See [6] for p k (n + 2}/2 and [11 for n = 3, p E [11/5,5/2}. | 
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REMARK. Throughout he whole paper, we deal with the space-periodic problem, but this re- 
striction is only because of the statement in Theorem 2.2 (b), which at the present ime is known 
to be valid for p slightly worse than 11/5. Without any doubts, i fp > 2 for n = 2 and ifp > 12/5 
for n = 3, Theorem 1.1 holds for the Dirichlet boundary conditions, too. 
3. CASE p _> (n+2) /2 ,  n = 2 OR 3 
In this case, the global attractor to our semigroup .4 exists by Theorem 2.3. 
by ¢46 the set of all &trajectories starting from A, i.e., 
Let us denote 
A5 = {X: [0, 5] H H; x(O) • A; X is a weak solution}. (3.1) 
THEOREM 3.1. Let 5 be small enough and p > (n + 2)/2. Then the set A5 has finite fractal 
dimension with respect to the norm L2(0, 5; H). 
PROOF. We present here only the proof of the key inequality which reads: there exist 5 > 0 
and ~ > 0 such that for all t > 5 and all X 1, X 2 • A~ it holds 
/0 6 [[VxI(t + 8) -  Vx2(t + s)ll  ds < ~ IIx1(8)- x2(8)1[~ d8. (3.2) 
Let X 1, X 2 betwo &trajectories from .A6. Then by standard manipulation, we see that X 1 - X 2 
satisfies 
dt - • 
Let s E (0,5), r • (s,25), and t > 5. Set 7(t) = sup~-e(s,2a ) I I(x I - x2) ( t  + T)[[ 2. Then we 
integrate (3.3) between t + s and t + r and estimate the right-hand side by 7(t). Also observe 
that due to Theorem 2.2, A is subset of bounded set in Vp, i.e., H~YX(S)[12p p/(2p-3) < p for 
all s • [0, 5] and for all X E fl,~. This yields 
II(x 1 - X 2 ) (t r) l[~ +co £r  HV (2 -  VX 2) (t + ds + 
< 2elpSv(t)+ I I (x '  - x 2) (t + s)fl  
(3.4) 
Therefore, 
j~ 25 7(t) + co HVxI(t + 7) - Vx2(t +r)l[~ ds < 4clpSv(t) + 2 H(X 1 - X 2) (t + s)N ~. (3.5) 
Now, we see that (3.2) follows from (3.5) by choosing 5 < 1/(4clp) and integrating (3.5) with 
respect o s between 0 and 5. 
The further steps of the proof are explained in [1] in detail. | 
Since trajectories X in .A~ are H-continuous, we can define mapping K : .A~ ~-* H by 
/~(x) := x(6), x e A~. (3.6) 
Then the mapping K has the following elementary, but key properties. 
PROPOSITION 3.2. 
(i) K(.A~) ---- .4, 
(ii) K is Lipschitz continuous. 
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PROOF. First, (i) is a consequence of invariance A. To prove (ii), let us choose X1, X2 E .AtS, 
and t E (0, 5). We can write 
5 2 ___ IIK(XI) - K(X:)Ii~ = IIx1(6) - X2( )llH ilS~-tXl(t) - S~-tx2(t)ll:, 
(3.7) 
_< c111xi ( t ) -  
Lipschitz continuity of K is then obtained by integrating (3.7) with respect to t between 0 
and 5. | 
Since dl(.A~) < cxD and the fractal dimension does not grow under Lipschitz continuous map- 
ping, the proof of Theorem 1.1 is complete in the case when p > (n + 2)/2. We can summarize 
the result in the following statement. 
COROLLARY 3.3. The global attractor .A has finite fractal dimension. 
4. CASE p E [11/5 ,5 /2) ,  n = 3 
In this case, we have existence of weak solutions by Theorem 2.1, but uniqueness i granted 
only for more regular data, uo E H n Vp. 
The proof of Theorem 1.1 is again approached via short trajectories. Denote by A'~ the set of 
all 6-trajectories, tarting from H, i.e., 
X~ := {X: [0,5] ~-* H; X is weak solution}. (4.1) 
Since we have no uniqueness, more trajectories can start from one point u0 E H. On the other 
hand, according to Theorem 2.2, any trajectory, once it has started, immediately becomes more 
regular (namely, it is bounded in Lloc(0, 5, Vp)) and consequently, the operators Lt : ,Y6 A'~ are 
well defined: 
(L,x) (s) := s e (0, 5). (4.2) 
The operators {Lt}t>0 have semigroup roperty and are locally Lipschitz continuous with 
respect to the norm L2(0,5;H) (see [1], Lemma 4.4). In order to be sure that our space is 
complete, we consider the closure of the set A'~ with respect o the norm L2(0, 5; H), which is 
denoted by A'~. Due to the continuity, Le can be naturally extended to the set )d~. This set, 
equipped with the norm L2(0,5; H), serves now as a new phase space to the dynamical system, 
described by system (1.1). The following theorem holds. 
THEOREM 4.1. The semigroup {Lt}t>0 possesses the global attractor As~ C A'~. Moreover, if 5 
is small enough, then d/(A~) < oc. 
PROOF. The proof is again based on the inequality similar to (3.2). The details are in [1, 
Theorem 4.14]. | 
Now we define operators K : Jt~ ~-* H by 
K(X) := X(5). X E A5 (4.3) 
and show that the set K(A~) has the properties (i)-(iv) of Theorem 1.1. To do this, we first 
show better regularity of the set ,4~ and then we prove the proposition analogous to Part (ii) of 
the Proposition 3.2. 
PROPOSITION 4.2. The set ~4s~ is bounded in L~(0,  5; Vv) and As~ C A'~. 
PROOF. Let X E A~. Since L~A~ = A~, there exists X0 E A~ such that LsX0 = X. By the 
definition, there exists a sequence Xn C 2(~, Xn --~ Xo, such that LsXn -~ X. 
Without loss of generality, Xn is bounded by some constant C, not depending on X, X0. By con- 
tradiction, for every n there exists sn E (0, 5/2) such that [[Xn(Sn)[[S <-- v f~C.  Theorem 2.2 (b) 
now implies that the sequence L~Xn is bounded in Lee(0, 5; Vp). 
Consequently, X E L°°(0, 5; Vp). This estimate also allows us to pass the limit in the equation 
to obtain X E A~. The proof of the proposition is finished. | 
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PROPOSITION 4.3. There exists a constant C > 0 such that for any X C X~, Xo E .A~, 
I lK (x )  - K (xo) l l .  <_ C l lx  - xollL:(o,6;.)- 
PROOF. Note that K is well defined on 2(a and consequently, due to the Proposition 4.2, also 
on A~. Now, let t E (0, 5). Using (2.1) and the regularity of A~, 
I lK(x) - K (xo) l l~  = IIx(5) - xo(5) l l~ ~ c ,  IIx(t) - Xo(t)ll2H. 
Then we continue as in the proof of Proposition 3.2. | 
Now we can prove Theorem 1.1. Let us define A := K(JI~). Since K is Lipschitz continuous and 
2(~ is compact and has finite fractal dimension, A has the same properties. Since .a~ is bounded 
in Lc~(0, 5; Vp), A is bounded in Vp. The invariance of A with respect o St is a consequence of
invariance fl,~ with respect o Lt. 
It remains to show the attracting property (iii). Let B C H be bounded set, let B~ be the set 
of all 5-trajectories, tarting from B. Due to Proposition 4.3 we have 
sup dist(x~(t + 5),A) = d~t(K(LtB~), K(A*a)) <_ Cd_ist(LtBs,A~).xi.__ 
"yEFB H 
Since Be is bounded (by a priori estimates) in 2(~, this tends to zero as t goes to infinity. The 
proof of the theorem is finished. | 
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